We perform a systematic study of radiative corrections to the masses of the Higgs bosons in the minimal supersymmetric standard model (MSSM) augmented by a single gauge singlet, the so-called next-to-minimal supersymmetric standard model (NMSSM). Our method is based on the one-loop effective potential and includes effects of top quark, squark, Higgs and Higgsino loops. We discuss the renormalisation group flows of Yukawa couplings and the upper bound on the lightest CP-even neutral Higgs boson mass as a function of the heavier stop mass and top mass. We then give a general discussion of Higgs boson phenomenology including radiative corrections. We survey as much of the parameter space of the Higgs sector of the NMSSM as is practicable, and analyse the full spectrum of Higgs masses and couplings in these regions of parameter space. Characteristic signatures of the NMSSM such as light charged bosons and weakly coupled neutral scalars are discussed, as are the relative sizes of the various radiative corrections. The MSSM is also discussed as a limiting case of the NMSSM for comparison.
Introduction
The most widely studied extension to the standard model is supersymmetry (SUSY) [1] , in which the particles of the theory are supplemented by the inclusion of their superpartners.
SUSY requires the introduction of a non-minimal Higgs sector with at least two doublets [2] .
An important question is how heavy the lightest neutral CP-even supersymmetric Higgs boson, h, can be within the framework of supersymmetric grand unified theories (SUSY GUTs). In SUSY GUTs all the Yukawa couplings are constrained to remain perturbative in the region M SUSY ∼ 1 TeV to M GUT ∼ 10 16 GeV. This constraint provides a maximum value at low energies for those Yukawa couplings which are not asymptotically-free, and is obtained from the renormalisation group (RG) equations together with the boundary conditions that the couplings become non-perturbative at M GUT -the so-called "triviality limit". In the minimal supersymmetric standard model (MSSM) [1, 2] , the triviality limits provide a useful bound on the top quark mass m t . The upper bound on the h mass, m h , in the MSSM, including radiative corrections, has recently been the subject of much discussion [3, 4, 5, 6, 7] .
However the MSSM is not the most general low energy manifestation of SUSY GUTs.
It is possible that SUSY GUTs give rise to a low energy theory which contains an additional gauge singlet field, the so called next-to-minimal supersymmetric standard model (NMSSM) [8, 9, 10] . In all supersymmetric models, including those with non-minimal Higgs sectors, there is an upper bound on the lightest CP-even scalar Higgs mass, which is generally larger for non-minimal models [11, 12] . Although the NMSSM involves a single gauge singlet, the estimates of the bound are applicable to a model with an arbitrary number of Higgs singlets, since the singlet fields may always be redefined so that only one of them couples to the doublets and only this field contributes to the upper two-by-two mass matrix which gives the bound. This argument cannot be applied to models which contain extra non-singlet degrees of freedom (although these usually give a lower value for the bound) or to the description of the whole spectrum in any model other than the NMSSM.
There has recently been much interest in radiative corrections to Higgs boson masses in the NMSSM [13, 14, 15, 16, 17, 18, 19, 20] . The two approaches that have been considered are the renormalisation group (RG) approach [16, 17, 18] , and the one-loop effective potential approach [13, 14, 15, 19, 20] . In the RG approach one derives an effective low energy Higgs potential at a low energy scale µ from SUSY matching conditions at a scale M SUSY . The squarks and other sparticles are usually assumed to be degenerate at M SUSY , and the logarithmic radiative corrections are efficiently summed by the RG equations for the case of either one [16, 17] or two [18] light Higgs doublets. This approach, although convenient, fails to pick up non-logarithmic corrections, and in general becomes complicated when a general squark spectrum is considered [7] . The one-loop effective potential [21, 22] has been used in the MSSM to estimate the radiative corrections due to a general squark spectrum [4] and these calculations have been repeated in the NMSSM [14, 15, 19] . However in the NMSSM there are other corrections due to Higgs loops which may become large due to the presence of large couplings and trilinear soft parameters, and it is one of the purposes of the present paper to consider such contributions to the one-loop effective potential.
In this paper we shall perform a systematic study of radiative corrections to Higgs boson masses in the NMSSM, using the one-loop effective potential. We shall consider the effects of all particles which couple through relatively large (order one) couplings in the model including the effects of loops of top quarks, stop squarks, Higgs bosons, and
Higgsinos. The top and stop corrections have been calculated before [14, 15, 19] and we include them in our analysis for completeness. The Higgs and Higgsino contributions to the effective potential have not been calculated before, and are dealt with here by numerical techniques since their contribution has no simple analytic form.
Having developed the techniques for dealing with radiative corrections in the NMSSM we then apply these techniques in two different ways. The first application is to the problem of the bound on the lightest CP-even Higgs boson mass, which was discussed above. More generally we give a phenomenological discussion of Higgs boson masses and couplings over as much of the parameter space of the NMSSM as it is feasible to consider. Our goal is to understand the behaviour of the Higgs boson spectrum as each of the parameters in turn is varied, and to give some examples of phenomenological signatures which would enable the NMSSM to be distinguished from the MSSM. It is important to stress that we shall not impose GUT scale constraints on the soft SUSY-breaking parameters, so that our analysis is of a general low energy phenomenological nature.
We shall also present an RG analysis of the dimensionless Yukawa couplings of the model which will turn out to provide a useful guide to the typical values that these parameters may take at low energy.
The plan of the rest of this paper is as follows. Section 2 introduces the NMSSM and the tree-level potential and Higgs boson mass matrices. Section 3 presents an RG analysis of the dimensionless couplings between M GUT and M SUSY . In section 4 we discuss in general terms the radiative corrections to the Higgs mass matrix using the oneloop effective potential. In section 5 we use numerical methods to obtain an upper bound on the lightest CP-even neutral Higgs boson mass as a function of the various parameters.
This is compared to the case in the minimal model. In section 6 we discuss Higgs boson masses and couplings in some detail and discuss the effect of radiative corrections. Section 7 concludes the paper.
The Next-to-Minimal Supersymmetric Standard Model
The most commonly considered supersymmetric model, the MSSM, has, in addition to the usual matter and gauge particle content, a Higgs sector containing two Higgs doublet superfields H 1 and H 2 . The superpotential is then of the form
where generation indices are understood,
, and the rest of the notation is conventional. In this model the physical Higgs spectrum consists of two CP-even and one CP-odd neutral scalars, and the lightest neutral scalar h has a mass which is bounded at tree level by m
In the NMSSM [8, 9, 10] the particle content of the MSSM is supplemented by a gauge singlet superfield, N . The superpotential is given by
2)
The cubic term in N is necessary to avoid a Peccei-Quinn symmetry which would force the existence of a light pseudo-Goldstone mode once the symmetry is broken. However there still remains a Z Z 3 symmetry under which all the matter and Higgs superfields Φ transform as Φ → αΦ where α 3 = 1 [9] . Note that we have eliminated µ. This can be justified on the grounds of naturalness, and its inclusion would only complicate our analysis. The gauge singlet field acquires a vacuum expectation value (vev) which plays the role of the mass parameter µ in the MSSM.
Unlike the case in non-supersymmetric models, radiative corrections do not generate large masses of order the cut-off scale (which for SUSY GUTS is essentially the unification scale 10 16 GeV), although the inclusion of singlets may cause the destabilisation of the hierarchy if there are strong couplings to super-heavy particles such as Higgs colour triplets [23] . This is however strongly dependent on the structure of the model at the GUT scale, and so we shall not discuss it here. Recently it has also been noted that the inclusion of non-renormalisable operators suppressed by powers of the Planck mass may lead to the introduction of non-logarithmic divergences, which in turn can generate large mass terms for the Higgs bosons of the electroweak theory [24] . This effect can only occur in the case of a model which has a singlet, and requires that gravity violate the Z Z 3 symmetry which is respected by the renormalisable operators of the theory. The coefficients of such operators
have not yet been calculated and their size and importance is unclear.
In our analysis we shall drop all quark and lepton Yukawa couplings apart from that of the top quark so that the superpotential reduces to
where the superfield Q T = (t L , b L ) contains the left-handed top and bottom quarks, and t c contains the charge conjugate of the right-handed top quark. Adopting the usual convention of using the same symbols for both component Higgs fields and superfields, the fields H 1 , H 2 , and N develop vevs which may be assumed to be of the form
where ν 1 , ν 2 and x are real, ν 2 1 + ν 2 2 = ν = 174 GeV, and tan β = ν 2 /ν 1 . The low energy physical spectrum of the Higgs scalars consists of three CP-even neutral states, two CP-odd neutral states, and two charged scalars. A third CP-odd state is a Goldstone mode which becomes the longitudinal component of the Z 0 , while a further two charged degrees of freedom become those of the W ± s.
In addition to the potential which can be derived from the superpotential in the usual manner, there is a soft supersymmetry breaking potential of the form
We shall take the parameters λ, k, A λ and A k to be real, and λ, k to be positive, which is a sufficient condition for the vacuum to conserve CP and leads to a choice of vacuum in which all the vevs x, ν 1 , ν 2 are real and positive [9] .
The range of the parameters is restricted by the condition that the vacuum does not break QED in the Higgs sector, which is not automatic in the NMSSM, and is equivalent to the condition that m 2 c ≥ 0, where m c is the mass of the physical charged Higgs H ± .
Another similar problem is that the vacuum may break QCD in the squark sector, but this does not occur for sufficiently small A t [9, 25] . Slepton vevs will not be discussed here since they can be avoided by an appropriate choice of soft parameters.
The full 10 × 10 mass squared matrix M 2 for the scalar fields is simple to derive by expressing all of the fields in terms of their real scalar and pseudo-scalar parts
and then using
When evaluated at the vevs,
(2.10) M 2 breaks down to consist entirely of zeros except in one 3 × 3 block for the CP-even, one 3 × 3 for the CP-odd, and two 2 × 2 blocks for the charged mass matrices (the CPodd matrix and each of the charged matrices have one zero eigenvalue corresponding to a Goldstone mode, and the two non-zero charged eigenvalues are equal). Thus the tree-level neutral CP-even (scalar) mass squared symmetric matrix, in the basis
Similarly the tree-level neutral CP-odd (pseudoscalar) mass-squared symmetric matrix, in
Finally the tree-level charged mass-squared matrix, in the basis
In the limit λ, k → 0, x → ∞ with λx and kx held fixed, the N components do not mix with the H 1 , H 2 components in the mass matrices in (2.11)and (2.12) . This is just the MSSM limit of the NMSSM.
Renormalisation Group Analysis
Now let us consider which values may be taken by the dimensionless couplings λ, k and h t . Above some scale at which supersymmetry becomes a good symmetry, and defining t = log µ, where µ is the renormalisation scale, the RG equations for these couplings [25] are given by
where g 3 is the QCD coupling. Following the analysis of reference [26] , they may be written in the suggestive form
These have three fixed points in the gaugeless (g i = 0, ∀i) limit:
Of these fixed points, only the last is infra-red stable. This is illustrated in Figure 1a , where the paths traced out by a number of equally spaced points in the λ/h t − k/h t plane with g i = 0 and h t = 10 at the GUT scale are plotted as the energy scale runs from the GUT scale of 10 16 GeV to 10 3 GeV. A point in this plane will flow rapidly towards the central valley which passes through all three fixed points, and then more slowly along it to the stable fixed point. From this figure, it is clear that, regardless of the high energy values, the low energy values of the couplings are likely to be somewhere in this one dimensional region, but they may well be nearer an unstable than a stable fixed point.
So far, however, we have neglected the effects of the large QCD coupling in equation (3.2) ; this may be important as discussed in [26] . When we include the effect of gauge couplings in our numerical analysis, a different picture emerges. Although at high energy the non-zero QCD coupling is small enough not to make much difference, and the flow is much as before, at lower energies this contribution dominates, and the effect is that points flow towards and along the valley for a short distance before being forced towards the origin at lower energies. However, it is noticeable that the region of parameter space to which the couplings flow in this figure is still one dimensional. This is illustrated in Figure   1b , which again has h t = 10 at the GUT scale.
Both of these plots have been done in the case where the couplings λ and k are large; if they are small (< 1 at high energy), then the flow towards the fixed point in the gaugeless limit is much slower, and with gauge couplings included most points flow rapidly to the origin remaining within a region bounded by the one dimensional valley described above and the x-and y-axes, as shown in Figure 1c , where h t = 1 at the GUT scale. Finally, if λ, k are greater than h t at high energies, then they flow very rapidly towards the origin and end up on the boundary of this region.
In summary, for fixed h t the renormalisation group flows give a curve in parameter space which can be attained consistent with triviality from the assumption of large couplings at the GUT scale, but any point between this curve and the origin is also possible given appropriate initial values of the couplings.
This analysis, with the assumption that the high energy behaviour of the theory is described by a GUT model, or at least that perturbative physics continues up to the unification scale of order 10 16 GeV, means that we can find maximum values of λ and k consistent with a given value of h t . If we take k = 0 (in order to maximise the low energy value of λ), it is possible to solve for λ max (the value of λ at which it just becomes nonperturbative at the unification scale) as a function of h t (1TeV) (or equivalently of m t and tan β). This has been done [11, 12] , and the results are reproduced in Figure 2 .
Radiative Corrections
There have been a number of attempts to calculate radiative corrections to the tree-level results presented in section 2 [13, 14, 15, 16, 17, 18, 19, 20] . In the MSSM, the dominant radiative corrections are those resulting from loops of top quarks and stop squarks. These corrections have been calculated using a range of diagrammatic, RG and one-loop effective potential techniques. Radiative corrections due to the top quark and stop squark for the upper 2 × 2 part of the mass matrix are identical to those of the MSSM if we replace µ by λx, and these have been studied in a simple approximation [14] . The full analytic corrections to other components of the scalar and pseudo-scalar Higgs mass matrices have also been calculated [15, 19, 20] .
Logarithmic effects from loops of light Higgs bosons have been studied using a full RG analysis below a hard SUSY breaking scale [16, 18] . However these analyses may be criticised on two counts. Firstly, the assumed spectrum of degenerate sparticles at some SUSY scale and Higgs bosons degenerate with the top quark at some lower scale is oversimplified. Secondly, the RG analysis fails to pick up non-logarithmic radiative corrections depending on soft trilinear couplings. These corrections are known to be significant in the squark sector, and the corresponding corrections from the Higgs sector may also be important. It is possible to complicate the RG approach to take account of some of these effects, by systematically decoupling heavy particles below their mass thresholds, and introducing finite shifts in boundary conditions, but the elegance of the RG approach is then lost [7] . For the cases where the effects of finite diagrams are of interest, the simplest approach is to perform a one-loop effective potential calculation. In reference [19] we considered a hybrid approach in which squark corrections to all Higgs boson masses were calculated in the framework of the one-loop effective potential, and these corrections were grafted on to our previous RG analysis [18] involving light Higgs bosons and a degenerate top quark.
In this section we shall abandon the RG approach completely and perform a full one-loop effective potential analysis of radiative corrections involving the top quark, stop squarks, Higgs bosons, and Higgsinos. We shall introduce the use of the effective potential for calculating radiative corrections to mass matrices, present corrections due to the top quark and stop squarks, and discuss the calculation of Higgs and Higgsino corrections.
One-Loop Effective Potential
The full one-loop corrected scalar potential is given by
where V 0 is the tree level potential, and ∆V 1 is
µ is the MS renormalisation scale, and the supertrace is a trace over all fields which couple through the mass matrix and includes a factor (−1) 2J (2J + 1) so that a Weyl fermion acquires a factor -2, a real scalar a factor 1, and we must remember appropriate colour and flavour factors. M 2 is the field dependent mass-squared matrix, in which the fields left after differentiating V 0 to obtain M 2 are not replaced by their vevs.
The one-loop minimisation conditions are, of course,
replacing the fields by their vevs, we have explicitly
from which we can see that
where m The minimum so constructed need not be the global minimum of the Higgs potential.
Thus we examine the potential containing these (radiatively corrected) mass parameters m 2 i to determine whether alternative minima with zero vevs for one or more of the scalar fields ϕ 1 , ϕ 2 , and ϕ 3 exist. In fact the case where only one of these is zero does not occur for any of our choices of parameters. We test such possible minima by comparing the value of the potential, including top and stop corrections only for simplicity, to discover whether these alternative minima are preferred; if so we discard this point in parameter space.
The radiatively corrected matrices for the CP-even, CP-odd and charged Higgs scalars may be calculated in a straightforward manner. In the basis defined by (2.8), the correction to the mass-squared matrix is
In fact, this is only approximately true due to Higgs self-energy corrections; these are expected to be small for the lightest Higgs bosons [5] . However we should recall that the formula for M 2 given in equation (2.9) contains implicit dependence on the mass parameters m 2 i , and so will involve dependence on the first derivative of ∆V . Thus for example the radiative corrections to the scalar mass-squared matrix M 2 whose tree-level value is given in equation (2.11) are of form
The last term represents the shift in the mass matrix due to the radiative corrections to the minimisation conditions.
Squark and Top Corrections
The corrections to the mass matrices due to top quark and stop squark loops have been calculated elsewhere [14, 15, 19, 20] , so we simply give the results, in the notation of [19] , without further explanation. The field dependent top quark and stop and sbottom squark mass matrices are given by
, and a bar denotes complex conjugation. The sbottom squarks appear because they contribute to the charged Higgs mass. One eigenvalue of (4.8) is field independent and may be discarded. Notice that the form of this equation implies that
Here mt 1 and mt 2 are the stop squark mass eigenvalues.
After considerable algebra we obtain the following corrections to the Higgs mass matrices. The correction to the CP-odd mass-squared matrixM 2 in equation (2.12) is given by δM 2 , where
with
), (4.11) and the function f is defined by
The correction to the CP-even mass-squared matrix M 2 in equation (2.11) is given by δM 2 , where 13) where the ∆ 2 ij are given by
and the function g is defined by
Finally, the correction to the charged mass-squared matrix M 
Higgs and Higgsino Corrections
Calculation of the corrections due to Higgs loops is much more cumbersome because the field dependent Higgs mass-squared matrix in equation (2.9), used to calculate ∆V 1 in equation (4.2), is 10 × 10. Since it is impossible to determine the eigenvalues of general matrices larger than 4 × 4 analytically, resort to numerical techniques is essential. As is clear from (4.6), we are interested in the first and second derivatives of ∆V 1 evaluated at the vevs, and these are given by 
where
The contribution to ∆V 1 from Higgsinos is then given by
where the trace is over Dirac as well as internal indices. Note that there is a relative factor of 2 between this result and that of [22] because we are working with Majorana spinors.
The numerical calculations are of course very computationally intensive; however, numerical inaccuracies should generally be less than about 1GeV, particularly in regions of parameter space where all of the particles are light. It appears unlikely that the inclusion of two-loop effects or removing any of the approximations in the calculations would give corrections significant relative to our uncertainty in the parameters.
The Bound on the Lightest CP-even Higgs
An upper bound on the lightest neutral CP-even scalar in the NMSSM may be obtained from the real symmetric 3 × 3 neutral scalar mass squared matrix by using the fact that its minimum eigenvalue is less than or equal to the minimum eigenvalue of its upper 2 × 2 block with the result [10] 
The upper bound on m h is determined by the maximum value of λ(M SUSY ), henceforth denoted λ max . As discussed in section 3, the value of λ max is obtained by solving the SUSY RG equations for the Yukawa couplings h t , λ and k in the region M SUSY = 1
TeV to M GUT = 10 16 GeV [11, 26] . There we found that for h t (M SUSY ) = 0.5 − 1.0, λ max = 0.87 − 0.70 and for h t (M SUSY ) → 1.06,* λ max → 0 (with k = 0 always).
We now wish to evaluate the bound including all the radiative corrections. The parameters on which the radiatively corrected bound depends are m t , sin β, r, λ, k, m 4 ,
, and mt 2 (sbottom masses do not affect the bound, because they only occur in the radiative corrections to the charged Higgs mass as discussed in reference [19] ). We adopt the following approach to these variables. λ will, for given m t and sin β, be given by its maximum value consistent with remaining perturbative, λ max . Strictly speaking k and m 5 should then be zero, but since this results in an axion and thus an unacceptable spectrum, we shall instead use the value 0.1 for k. In fact sensitivity of the bound (and of λ max ) to k and m 5 is negligible when they are both small (0.1 is sufficiently small for k, while small for m 5 means of order tens of GeV). This should however be borne in mind when we come to discuss the spectrum, where the lightest scalar is quite sensitive to these variables. Of the remaining parameters, m t is taken as an input parameter, as is the heavier stop mass mt where M 2 ij are components of the mass matrix in (2.11). While this guarantees that the bound must be saturated, it is possible that there is another lighter mass eigenstate consisting of a mixture of singlet and doublet states. This state will certainly depend strongly on the values of k and m 5 . Examples of this will be discussed in section 6.
We have thus succeeded in reducing our parameter space to four variables, sin β, mt 1 , * h t (M SUSY ) ≤ 1.06 is the triviality bound, which, together with m t = h t (m t )v sin β, where h t (m t ) ≤ 1.12, implies the bound m t ≤ 195 GeV.
A t , and m 4 . These variables will all be determined numerically using the Nelder-Mead simplex method [27] to maximise the bound as a function of the parameters, imposing the constraint (4.9).
At this point it is worth recalling that in the MSSM the relevant parameters may be taken to be tan β and m c . Using the fact that in the minimal model the bound is always maximised for sin β = 1, the bound is then equal to the 22 element of the mass matrix M 2 + δM 2 in (2.11) and (4.13), and is given by
where the function g is defined in (4.15). Since the coefficient for the A 4 t term is always negative * the bound will be maximised for some non-zero value of A 2 t . The constraint (4.9) must also be implemented so that value of A t will not always reach the value which maximises the polynomial. Finally, we note that if we allow mt 2 to become comparable in size to the top mass, then the coefficient of the second logarithm in equation (5.3) will become negative, and so the bound will be maximised when the two squarks are degenerate; this typically occurs only for very large top mass, even if we allow mt 2 to be as low as 250GeV.
Let us now proceed to the discussion of our results for the bound in the NMSSM (and MSSM for comparison) with all radiative corrections included. Figure 3 shows the values of sin β, h t , and λ for which the bound is saturated as a function of the top mass, derived as described above. Although this figure is for mt caused by the constraint (4.9), which forces A t + λx cot β to zero in this region. The most interesting feature of these figures is that they suggest that an arbitrarily chosen value of the lighter stop mass is not unlikely to give a value of the bound close to the maximum possible, since the variation of the bound with mt 1 is relatively small over much of its range.
Higgs Boson Phenomenology

Preliminary Remarks
In this section we shall explore some of the phenomenological implications of our results.
The qualitative features of certain aspects of our discussion are well known at the tree-level [9] ; however we are now in a position to re-examine some of these issues in the light of our treatment of radiative corrections.
We have already emphasised that the lightest CP-even neutral scalar h (the analogue of the Higgs boson of the standard model) may be heavier in the NMSSM than in the MSSM, although as m t → 190GeV the two bounds coalesce as shown in Figure 4 . However from a pragmatic standpoint the key question is whether m h can exceed M Z and so evade discovery at LEPII. This can happen in both the MSSM and the NMSSM due to radiative corrections and thus failure to observe h at LEPII cannot be interpreted as evidence for favouring the NMSSM over the MSSM. Also we observe that the NMSSM bound m h < 150GeV means that if h is not found at LEPII it must necessarily be in the intermediate mass region M Z − 2M W (i.e., too heavy to be produced at LEPII but too light to decay into pairs of Ws or Zs) in both models. Thus the upper bound on m h may not be particularly helpful in enabling us to distinguish between the MSSM and the NMSSM.
We can turn the argument of the preceding paragraph around and ask whether the observation of h would enable the MSSM and NMSSM to be distinguished. This question is analogous to that of distinguishing between the minimal standard model (MSM) and the MSSM from an observation of the Higgs boson, and has been widely considered [2, 28] .
The answer depends in part on measuring the ZZh coupling which contains a factor of R ZZh = sin(β − α) relative to the usual standard model coupling, where α is a mixing angle which results from diagonalising the scalar 2 × 2 matrix. Although R ZZh may be small, the ZAh coupling contains a factor of R ZAh = cos(β − α) so that both couplings cannot simultaneously be small. In the NMSSM the situation is not so simple since the ZZh coupling is derived from diagonalising the scalar 3 × 3 matrix and so R ZZh is more complicated [9] . Similarly the ZAh coupling, where A is the lightest pseudoscalar, in the NMSSM will contain a more complicated factor R ZAh [9] .
Given that in the NMSSM physical Higgs boson spectrum there are three CP-even scalars and two CP-odd pseudoscalars, one more in each case than in the MSSM, it may seem at first sight that the Higgses of the NMSSM, being more numerous, are therefore easier to discover. Unfortunately this is not so. The only reason why there are more neutral states is due to the complex singlet N , whose scalar and pseudoscalar components mix with the neutral components of H 1 and H 2 . Since N has no gauge couplings, this has the effect of diluting the couplings of the neutral Higgs particles: there are more of them but they all couple more weakly, making them harder to produce. However the dilution of the neutral Higgs couplings may be the key to distinguishing between the NMSSM and the MSSM, since in the NMSSM there is the possibility of a very light Higgs boson waiting to be discovered with higher statistics data from LEPI. This is an intriguing possibility, unique to the NMSSM, because although it is possible to have R ZZh = sin(β − α) ≈ 0 in the MSSM, this is always accompanied by R ZAh = cos(β − α) ≈ 1 and since small m h is associated with small m A the light decoupled Higgs scenario in the MSSM is ruled out.
Thus the discovery of a light weakly coupled Higgs boson would be exactly the sort of signature which would suggest the NMSSM.
The charged scalars remain unaffected by the presence of the additional singlet, and their gauge and matter couplings in the NMSSM are identical to those of the MSSM. However in contrast to the MSSM bound m c > M W (in the absence of radiative corrections), in the NMSSM we may have m c < M W . There will however be a constraint on how light the charged scalars can be since they will give a contribution to b → sγ via a penguin diagram involving an intermediate top quark line [29] . Such contributions may be partially or completely cancelled by other SUSY diagrams [30] . It would therefore be prudent to keep an open mind on the existence of light charged scalars in the range m c = 45GeV − M W which would be accessible to LEPII. We emphasise that this range is not consistent with the MSSM and so the discovery of charged Higgs bosons at LEPII would be, if not a smoking gun of the NMSSM, then at least one which is loaded and cocked.
The Higgs boson mass spectrum of the MSSM at tree level may be expressed in terms of the parameter set {m A , tan β}, so that at tree-level its properties may be expressed as contour plots in the m A , tan β plane [28] . In the NMSSM, the Higgs boson mass spectrum may be expressed in terms of the parameter set {λ, k, m c , A k , tan β, r}. These masses are conventionally plotted as a function of m c for a particular choice of λ, k, A k , tan β, r. There are thus four additional parameters in the NMSSM which may be taken to be λ, k, A k and r which are simply not present in the MSSM. For these four additional parameters, reference Here we shall not restrict the soft parameters in this way, and instead attempt a crude exploration of the full parameter space without any constraints from the GUT scale apart from the usual SUSY desert assumption that no couplings blow up below M GUT .
We shall plot Higgs boson masses as a function of m c over the regions of m c which correspond to all Higgs boson masses being greater than zero at tree-level. This turns out to be a non-trivial restriction, usually (but not always) due to the lightest scalar mass m h diving to zero at the edges of the region. Although radiative corrections tend to expand this region, since typically they serve to increase Higgs boson masses, we use the tree-level restriction since it is the tree-level mass matrices which are used in the calculation of the one-loop effective potential. Charge breaking in the Higgs sector is trivial to check for since it just corresponds to m 2 c becoming negative. The possibility of squark and slepton vevs as discussed earlier will not concern us here. However we search for alternative vacua in which one or more of v 1 , v 2 , x take zero values corresponding to a deeper minimum of the (radiatively corrected) potential, as discussed in section 4. This can be an important constraint on the allowed range of m c .
Higgs Boson Masses and Couplings
With the preliminaries over we now embark on our exploration of the ten dimensional was also noted in reference [18] where it was pointed out that the next-to-lightest scalar must and does respect the bound at the point where the lightest scalar decouples. However since its mass exceeds 100 GeV over the whole region, the next-to-lightest scalar will not be visible at LEPII. The lightest scalar may be accessible to LEPI near the left-hand end of the region, however.
As an example of a region of parameter space which is excluded by LEPI, in Figure 7a we High statistics LEP data would be required to discover this weakly coupled Higgs boson.
Similarly the lightest pseudoscalar in Figure 9a , although lighter than its counterpart in Figure 6a , remains decoupled and undetectable according to Figure 9b . The physically relevant next-to-lightest scalar in Figure 9a remains above 100 GeV, out of range of LEPII.
Next we turn to the question of the effect of varying k and λ. the LEP range, with an excluded region corresponding to the LEP limit m h < 60GeV advancing to the left. As before, the lightest pseudoscalar is mainly singlet and so has small physical couplings (dashes in Figure 10b ). The heavier Higgses are somewhat lighter than before but out of range of LEP. Figure 11a shows the Higgs mass spectrum for λ = 0.1 and k = 0.6, at the other end of the fringe to the baseline values of Figure 6a . Note that Figure 11a is similar to Figure 10a , but the lightest scalar is lighter at around 30 GeV, and since it contains very little N and couples in a standard Higgs like way to the Z (Figure 11b ) it is excluded by present Higgs searches. We conclude that the small λ, large k region is not preferred phenomenologically.
Having explored all the regions of the fringe of preferred values of λ and k in Figure 1b, we shall now consider taking these parameters both to be very small. The RG equations in section 3 show that λ = k = 0 is an acceptable choice, since if λ and k are small at the GUT scale, they may still be small at low energies. Furthermore, it is known that in the limit λ → 0, k → 0, r → ∞, with λr and kr held fixed, the NMSSM Higgs sector reduces to that of the MSSM, so this region is of intrinsic interest for comparisons to the minimal model. In Figure 12a we show the Higgs spectrum of the NMSSM for λ = 0.1, We can take the MSSM limit of our results in a much more direct way by removing the N components of the Higgs mass matrices by hand, and numerically taking λ and k to be very small, and r to be very large, with µ selected arbitrarily and appearing in the radiative corrections to the 2 × 2 mass matrices instead of λx. The resulting spectrum in Figure 13a , for µ = 0 and tan β = 1.7 is quite similar to that in Figure 12a In Figure 13b we show the corresponding MSSM plots with tan β = 10, and all other parameters as before. The limit of tan β → ∞ is of course where the MSSM bound is saturated. In this limit the 2 × 2 scalar mass-squared matrix is diagonal with elements m Since these effects are far harder to compare accurately on a logarithmic scale, we shall restrict our discussion to the lightest Higgs boson masses which we shall plot on a linear scale. We shall use the baseline parameters defined in (6.1), and for comparison we shall in each case plot the tree-level masses as dotted lines, so that the effect of the particular radiative correction is easily seen. Figure 17 shows the effect of radiative corrections due to Higgsinos alone for the usual parameters and notation. In Figure 17 the comparison to the tree-level dotted lines shows that Higgsinos tend to enhance scalar masses in such a way as to partially cancel the effects of Higgs corrections in Figure 16 . The pseudoscalar mass is also enhanced in this case, however.
We are now ready to examine the radiative corrections due to squark spectra with A t = 0. Again we use the baseline parameters in (6.1), apart from the following two sets of stop parameters which were encountered previously in our discussion of the bound in section 5:
Parameter set (a) uses the same stop masses as in the baseline parameters but now involves a non-zero A t value chosen to maximise the effect of radiative corrections. Parameter set (b) involves heavier stop masses and larger A t value, again chosen to maximise the effects of radiative corrections. In Figure 18a we show the Higgs spectrum for parameter set (a), including the radiative corrections due to the squark spectrum as well as top, Higgs and Higgsino loops, with the corresponding tree-level spectrum again represented by dotted lines. We see that the effect of the A t = 700 GeV value in Figure 18a is dramatic for the physical second lightest scalar with radiative corrections to its mass of up to 18
GeV as compared to 7 GeV with A t = 0 in Figure 14 (with all other parameters the same in the two cases).
In Figure 18b we show the spectrum for the heavier squark spectrum set (b) above, again including all other radiative corrections in this plot and comparing it to the baseline tree-level masses represented by dots. The physical second lightest scalar in Figure 18b has radiative corrections to its mass of up to 25 GeV as compared to 18 GeV in Figure 18a .
We conclude that the effect of choosing larger stop masses and large non-zero A t values may significantly raise the mass of the lightest physical Higgs bosons from their values shown in the plots of section 6.2.
Conclusion
We have performed a comprehensive analysis of the radiative corrections to the Higgs boson mass spectrum in the NMSSM using the one-loop effective potential. Analytic results for top quark and squark corrections are reviewed, and our numerical procedure for including Higgs and Higgsino corrections is described. The bound on the lightest CPeven scalar, including the radiative corrections mentioned above, was then discussed. In order to find the absolute bound as a function of m t including all radiative corrections, we maximised over the parameter space using analytic and numerical techniques. Our final results are summarised in Figure 4 .
We have presented a numerical analysis of the RG flows for the dimensionless couplings, relying on the assumption of perturbative behaviour up to M GUT . We emphasise the infra-red fixed points of the gaugeless limit are not the relevant points for the low energy behaviour because they are washed away by the large QCD corrections, and instead the parameter space is limited to a region of the (λ/h t ) − (k/h t ) plane bounded by the axes and an approximate quarter circle, as shown in Figure 1b. A general discussion of Higgs boson phenomenology including radiative corrections was then given. Since the parameter space of the Higgs sector of the NMSSM is multidimensional, we selected a baseline set of parameters given in (6.1), and discussed the effect of varying each of the parameters in turn. Our selection of k and λ was based on our study of RG flows described above. We found that larger m c values are associated with larger values of tan β and r. The NMSSM with small k and λ and large r was also compared to the MSSM (see Figures 12 and 13 
